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IV. The Triplets of Helium.

By J. A. Gaunr, Trinity College, Cambridge.

Y |

(Communicated by R. H. FowLEr, F.R.S.)

— i
< — (Received November 6, 1928,—Read January 17, 1929.)
—
= .
2 33 1. Introduction.
|
= O HeisenBERG’s theory* of the helium atom, following his famous principle of
Eg “ resonance,” accounted satisfactorily for the ortho- and para- states. His more

detailed treatment of the triplets, besides giving ground for minor criticisms, necessarily
had to be derived from SCHRODINGER'S equation, with a somewhat incongruous
electronic ““ spin > grafted upon it. The present work uses DIRAC’S recent theory,t
in which the spin effects grow more naturally from the fundamental equations.
Calculations which are independent of the spin, such as the approximate energy-levels
and the ortho-para separations, are the same on either theory. We deal here with
spin effects, such as the fine structure of the triplets and intercombinations between
ortho- and para- states. :

The fundamental equations, the perturbation theory which is used, and the per-
turbing spin energy, have been discussed fully elsewhere.] The present paper, after
a short recapitulation of the general theory, gives in detail the calculations whose
results alone were quoted in the other. -§§4-7 work out the structure of the helium
triplets with one excited election. The resulting spin separations are different from
HEeisENBERG'S, but in equally good agreement with experiment. At the same time,
the correct first approximations to the wave-functions are found, and they are used
in § 8 to verify the ordinary classification and selection rules.
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_J § 9 summarises the parallel work for the deepest triplet of O**, some of whose inter-
< — combination lines appear strongly in the spectra of the nebule. Some estimates are
E — made of the intensities of intercombination lines, but these are not favourable to the
= production of the nebular lines.

25 . .

T 8 . 2. The Basic Equation.

=W The notation, with a few exceptions, is that of Dirac, and of DARWIN’S interpreta-

tion|| of DIRAC’S g-number theory in terms of wave-mechanics. We use %, not 2rh,

* HEISENBERG, ‘ Z. Physik,” vol. 39, p. 499 (1926).

+ Dirac, ¢ Roy. Soc. Proc.,’ A, vol. 117, p- 610 (1928); also 4bid., vol. 118, p. 351 (1928).
i Gaunt, ‘ Roy. Soc. Proc., A, vol. 122, p. 513 (1929).

|| Darwin, ‘ Roy. Soc. Proc.,” A, vol. 118, p. 654 (1928).

VOL. CCXXVIIL.—A 662 Y v [Published February 20, 1929,
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152 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

for PLaNCK’S constanf, and replace DIRAC’S oy, 6,5, o5, by the three components of
the vector <, and py, 2, ps, by o', ¢, ¢’”". The suffixes 1 and 2 are reserved to
distinguish between the co-ordinates of the two electrons. Ze is the charge on the
nucleus, 7 the distance between the electrons.

First neglect the interaction between the electrons. Kach electron has a separate
wave-function ¢, or ¢, with time-factor exp — (me® + E,) it/h or exp — (mc® + E,) it/h
and satisfying DIRAC’S equation

[-mc + —————~E" ¥ | o (e.p) + p”’mc] = 1

E-}eV

[mc + +¢ (c‘.‘p) + p”’mc]q;,,:—_() J ’

Here V is the potential of the electrostatic field of the nucleus. The whole atom has
an antisymmetrical wave-function

F=0, )@ — @) a2, ... ... ... (2.1)
with a time-factor exp — (2mc?* + E) 4t/h, where
E=E+E, .. ... ... ..... (2.2

and this function satisfies the equation

[F—i——]j—]]‘f’ = [2mc—l—E +€V(10) + eV (@) + 01’ (1. Py)

+ 02’ (2. P2) + o1/ "me + pz"’mc]‘l" =0. (23)

Introducing an interaction energy, we assume that the accurate equation for the

complete wave-function is
»[F +- ]-’-‘—1%)_:;§] V=0, ... (2.4)

P is. that part of the interaction energy which is independent of spin. It consists
of ¢/r and some negligible terms. In practice as much as possible of P is absorbed
in V(1) and V(2). The best approximation (2-1) to ¥ is obtained by HARTREE’S
method of self-consistent fields,* in which different potentials V,, V, are used in
the equations (2.0), and

[4s(2) 13fr el 4o (2)8B)r
Vo (1) =% -L.-___“ | V,,(l)-::%fw—j——-——-——-——-. . (25)
1 [141,;(2)]2 1 jl¢a(2)’z

The perturbation by P is then of the order of the ortho-para separations—say 1/10.

* HARTREE, ‘Proc. Camb. Phil. Soc.,’ vol 24, p. 89 (1928) GaunT, ‘Proc. Camb. Phil. Soc.,” vol. 24,
p. 382 (1928).
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S is much smaller, of the order of the triplet separations—say 107¢. It was shown
in the other paper that an approximate form for 8 which is suitable to the calculations
in hand is _ -

.S=T1-|~T2+U e e e e e e e e e e (2.6)
e2h r ——-br» rvmr‘,
Ry {': 2 o L, pz}- oy [—L‘F—f ) p1]- 0'2}
: eh 2 (1. @) —3 (9.1 (T2 Ty) '
+<4nmc> 2 N X))
¥

where r, is the direction of one electron from the other. T, may be interpreted as
the energy of the first electron-magnet, of moment —eh o /4nme, in the magnetic field
due to the motion of the second charge ; T, similarly ; and U as the mutual energy of
the two magnets.

The effect of the motion of the magnets in the electrostatic field is already included
in (2.0). The characteristic energies of (2.0) occur in pairs, whose difference is small
compared with P. It is therefore necessary to use a perturbation theory for nearly
degenerate systems. :

3. Perturbation Theory.

The equation (2.3) will have a number of antisymmetrical solutions ¥, whose
energies are nearly equal to some value & '

B,=E-+3sF, 8E,=0(@®). ........ (3.0)

The remaining solutions ¥, have quite different energies.
It is convenient to use unnormalised wave-functions, and to write

j W, 12 =C,, etc. . . . .. ... ... (3.10)

where j denotes an integration over all space and a summation for the four values of

each spin co-ordinate. Also let

Equation (2.4) has solutions with energies nearly equal to B
Br=FE-+ AE*+ 8B, . . ... ..... (3.20)

-where the last two terms arise from P and § respectively. The corresponding wave-
function may be written :

¥, =Z(at + 8a) ¥, + = (a + dai) ¥, . . . . . . (3.21)

Y 2
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154 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

where a};, a;; are the coefficients in the absence of spin effects. As usual, a is O (1),
@18 O (P); and it is found that 8az is O (S/P) and 3a% O (8).

An argument parallel to that of ordinary perturbatlon theory gives for a first approxi-
mation to the spin perturbation

(3B — 3By) Oty — = 8ty -+ ABFC,y 80 — B B 80 = 0. . (33)

It is sufficient to use for the aj, in this equation first approximations which satisfy the

usual equation
: AEC, a4, — S Pyt =0. . . . . . . .. .. (3.4)

The normal term, denoted by a suffix 0, is neither degenerate nor nearly so. Except
for terms which are O (8), its wave-function is symmetrlcal in the posmon co-ordinates
and antisymmetrical in the spins.

As a rule, the other terms appear in groups of four, involving four m’s (1, 2, 3, 4)
and are distinguished by four w’s (I, IT, III, IV). Of these the first three have (to a
first approximation) wave-functions antisymmetricalin the position co-ordinates, while the
fourth wave-function is symmetrical in the positions. Also AE! = AE" = AE™: AE",
so that there is still a double degeneracy after the perturbation by P alone. These
are known results of IIEISENBERG’S theory.

Owing to the double degeneracy, the four equations (3.4) are all equivalent when
AE* = AE'; and this one equation is the only one connecting the four a,'s, which

are triply indeterminate until the spin perturbation is used. Another form of this
equation arises from considerations of symmetry. For if X is any symmetrical function
of the positions of the two electrons (e.g., the electric moment of the atom), the integral
Xy, vanishes to a first approximation. That is

2, Ky =0, . .. ... ... (3.50)
To the same order
Xivo=20,"Xpo + « « « v v o o . (3.51)
and to a second approximation
Xio =280,  Xpngr o o o e . (3.52)

The coeficients of the «’s in (3.4) and (3.50) must be proportional. Substitution for
X0 1n (3.51) and (3.52) and use of (3.3) in the latter, yield

OE — 3E,,) Gyt — 58, a," = }.X(I_L (AEY — AEY)Cpa,™. . . (3.6)

IV 0
There are four such equations. The determinant of the coefficients on the left hand
sides is denoted by A, and the cofactor of one of its terms by A,w. Solving for o,

A . amI XI =10 (AFIV — AEI) 2 C wm mm" """ (3'7)

v o
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We have also an equation expressing the fact that ¢; and ¢,y (the first approximations
to ¥';and ¥y) are orthogonal.

2Cha,Na,t=0. . . .. ... (3.8)

This and the four equations like (3.7) give the determinant equation—a cubic in SE*

0 Cpa,’ |=0.

C, a,Y A

The three roots of this are 3E', SE™, 3E™. ,

Having found 3E' from (3.9), we have a,' in terms of X;,/X;y, from (3.7), since
@y, ete., are known from Heisenberg’s theory. We can calculate C; and Cyy, and so
obtain the ratio X;2/C;: Xyy ¢2/Cry. This is roughly the ratio of the probabilities of
transitions from the normal state to the ortho- and para- states respectively. It is
of the order of (S/P).

4. The Wave-Functions with One Electron Excited.

We shall use », k, u for the three quantum numbers of a single orbit, and also Dirac’s
j (=k or —k—1) to distinguish between the two possible spins. The quantum
number » will often be omitted, when the orbit is sufficiently distinguished by its %.
In DArwWIN’S notation, the wave-functions corresponding to the two directions of spin
have the components :

== iPpa B —BHE, (b+u+ 1) PG, (—k+u) PG, } o0
. (4.00
%—‘: -_ ’L'Pz_l F—Ic—l; ‘—“@ (—k"l_u'—l) %i% - —k—19 P% G'—k—-l: P%.H G—k-l
The suffixes to ¢ give DiraC’s 5. It is a pity that DaARwIN’s suffixes are the other
way round.
The functions F are small, and the functions G differ little from each other, and

from the radial part of the solution of SCHRODINGER’S equation, which we will denote
by g (or gi). To a sufficient approximation for our purpose

Y1 =0, 0, (k4+u+1)Pig,, (—k-+u)Pig,
(4.01)
‘Wﬁ =0, 0, Pi?.%k: } P%-Hgnk
Thus
'*plik—l '+' (k - ’U/) ‘Pz = O: O’ (27‘7 '+' 1) P%gw 0= 95% Xa} ( )
; 4.02
— 4L+ (b+u+1) =0, 0, 0, (2k -+ 1) Pitlg,. = ¢i*' %,
where

Gr= (2 1) PG o o (4.03)
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156 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

and y,; x, are functions of the spin co-ordinate only, with components

Xa=0, 0, 1, 0 '
.......... (4.04)

Yo =~ 0, 0, 0, 1

The first step is to disregard spin energies, and to perturb solutions of SCHRODINGER'S
equation with P only. In this process ¢} and ¢, , have the same energy for all
possible u, and may be replaced by the linear combinations é¥y,, éix, (all ). The
energy will not be independent of %, since the field is a non-Coulomb one. If one
electron is in the normal state, the group of four wave-functions deduced by HEISENBERG
as first approximations to the total wave-functions is

=R H @ - B A OO n® )
b =80 (1) $5(@) — 8(2) 4 () T2 (1) 70 @) |
b =881 612 — #2811l () 7 @) + 7 (1) 2 ()]
brv = [0 (1) 6% (2) -+ 608 (2) bi (1) 1xa (1) % (2) — % (1) %4 (2) ]

(4.10)

Of these the first three have the same energy, and linear combinations of them are
determined by the spin to form ¢y, ¢y, ¢r;.  In addition, all the energies are indepen-
dent of » ; but this degeneracy may be neglected, since it will appear that these groups
of four remain separate when the spin perturbation is introduced.

We express (4.10) in terms of ¢, etc., by means of (4.02). We find that four approxi-
mate solutions of (2.3) are involved :— |

Gr = 0 (1) 9535, (2) — 0, (2) U3k, (1)1,, _4

e OET @@ ur o |
Gg = $=i (1) U%a (2) — 41 (@) $himn (1) Jf

bo= 71 (1) 41 (2) — 71 (2) YE (1)

and that ;
b = by — (b but) 4)41

b = G+ (k—u-+1) gy
g, = — A (k4 u) by — Y — (B —u) ¢,
by = — Y3+ (k4 u) $o + b5 + (B —u) ¢, J

*j{—

(4.12)

The u, v — 1, u -+ 1 in (4.10) are arranged so that only the four functions (4.11)
are involved. The sum of the third quantum numbers in these functions is the same,
% — 1 pairing with 0, and « with — 1. This selection of a group of four functions
(sometimes reducing to three or one) is justified a posterior: in § 7. The arrangement
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of (4.10) can be remembered by supposing that yx, x, contribute -~ % and — %
respectively to the third quantum number to give the total angular momentum about
the z-axis. This corresponds to DIRAC’S equation

M=m-+iho .. ........ (4.13)
%Gz)(a‘:'— O: O: + %’) 0 }

%Gsz:O; 05 O) _"%

together with

HEISENBERG assumes that functions like ¢,, §g, ¢,, remain separate when perturbed
by the spin energy ; that is, that they are identical with ¢y, ¢y, ¢y This is not so.

¥1, Y2, ¥s, P, are the ,’s of §3, but it is more convenient to calculate integrals
by means of ¢,, 45, ¢,, ¢rv. Thus

Co=2 |82t @2 drids,

= 2. (2k - 1), dn . 27;55"1 (b-+u-+1)! (h—u—1)! fgm (122 Gt (12 752 dliry 732 g,

and so on ; or

0u=(2k+1)’£ﬁ,;'_ﬁ%1.0]

B k—ut1, & 4.20
pr(2k+1)m—c (4.20)
C,=Cy=(2k+1)2C
where C = 2 (4n)2 (k + u)! (k — ) ! y:glf 2 dr j:gn,} rdr. . ... .. .. (421)
From (4.12) | ‘
$p=02%k+u) $p—(k—u+1) b, — (b—u-+1) bn}/2 (2k + 1)
4‘2 = { - 2 ‘I’/s -+ q)y + 'JHIV}/2 (2]" + 1) (4 22)
bo=@(h—u) ¢, — (k-+u+1) ¢+ (k+u+1) $u}/2 2k + 1) Jf' f

ba={ — 24, D -+ - dw}/2 (2K - 1)

On substituting from (4.22) in the integrals for C;, C,, C3, C,, and using (4.20), we
easily obtain '

C=(k—u-+1)C Cy = C/(k + u)
| N (4.23)
Co=(k+u+1)C Co,=0CJ(k—u) J
The @,™’s can be read off from (4.12); and
3E, = SE;, 3B, =38E, ... ...... (4.24)

since only the #’s and j’s of the two orbits are concerned.
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5. Calculation of Matriz-Components.

We now calculate S, etc., and from them and (4.22) deduce S,,. We require
TXe Tx Using the matrices written out by Dirac*

GmXa205 0: 0, 1=Xb’ Yo = O b W
Oyha = 0,0,0, 1= iXb > Ya = ?:Ug/Xb L
6xe=10,0,1,0 =1, ‘( ....... (5.00)
GzX.bZO:O:O:“‘l:—Xb J
Thus '
T == (tn s ) e (5.01)
Sy = (Xm — Was "“'Xb)_} .
Let
vo=Ummn). . ... L. (5.02)
Y:‘z'—zke—z', a:l—l,;?;n_ﬁ, ........... (5.03)
t, = - kivae? U?O VJ, ty — — bivare? B’g vz]. L. (5.04)
Then “ ‘
S=T,+1T, +U |
= (t, o) + (t, &) + iatet {( o o) — 3 (ory) ( Tt/ . (5'05)
Using (5.01)
Tida (1) %a(2) = [ta, + 28,1 26 (1) 20 (2) + %0 (1) %4 (2) )
Taxo (D) 1 (2) = [far — 1] %a (1) 2% (2) — Lo (1) %5 (2)
T2 Bt (102 @) + 20 (1) 20 ] = [+ 10 (1300 2) L 509
[l — 2,12 (1) %0 (2) + . [t (1) 25 (2) — %6 (1) %4 (2)] [ ‘
Ty [t (1) %0 (2) — 20 (1) 20 (2)] = [l + 25,150 (1) 45 (2)
= [y — o, 1 20 (1) %0 (2) + o [ta (1) 20 (2) + 20 (1) %6 (2)] )
( T 5‘2) Xa(l) La (2> = Xa (1) Ya (2) ‘l
(@102) 1 (1) % (2) = 15 (1) % (2) f (5.07)
(T12) 2a (1) %5(2) = 25 (1) %4 (2) — %a (1) % (2)
(11y) (& aTo) %a (1) %4 (2) = (L4 im)? 1, (1) %5 (2) )
4 (A 1m) n e (1) 26 (2) + x5 (1) %4 (2)] - #2140 (1) %4 (2)
(@110) (80) (1) 20 (@) = (L — ) 70 (1) 2 (2) L o

— (b= im) n [xa (1) %0 (2) + %o (1) % (2)] + 7225 (1) 74 (2)
(&110) (T2T0) %4 (1) %5 (2) = (_l2 +m?) 1p (1) %a (2) — (L4 2m) ny, (1) 2 (2)

+ (U — im) my, (1) %0 (2) — 04 (1) %5 (2) J
% Loe. cit., p. 614.
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whence
U (1) 26 2) = 222 (1 — 30%) 5, (1) 7. (2) | )

—3 (l —I‘ ’bm) % [Xa (1) va(2) + %o (1) Xa(2)] —3 (l + 1m)? x, (1) Lo (2)}
U (1) 1(2) =1 L1 — 302) 0, (1) 7 (2)
+3 a_m)n e (1) % (2) + 25 (1) 70 (2)] — 3 (L — im) 7, (1) 10 (@)} (- (6:09)

U [ta (1) 1 (2) 4+ % (1) 7 (2)] = Y:,,fz (=2 6n2) [x. (1) x5 (2) + x5 (1) 2a(2)]

— 6 (I — ) mya (1) 34 (2) + 6 (I + im) nxy (1) 3 (2)
Ulte () x(2) =2 (1) % (2)] = 0 J
We can now deal with the summations over the spin co-ordinates, and express S,,

ete., in terms of ordinary integrals. It is unnecessary to consider T,, since by sym-
metry it gives the same results as Ty, and :

SO R (5.10)
We shall use such symbols as
(Fl.e = J[¢3(1) $i1(2) — $0(2) g5~ (D] F. [$5(1) $1*1(2) — 65(2) ¢+ (1)] drydre. (5.11)

That is, [F]',s is the same as F,, except that the spin factors in the wave-functions
are replaced by unity, and there is no summation.
Then by (5.086), (4.10),

Tl ag = O’ le = O: T1 iV = 0, Tl-yIV =2 [tﬁz],yIV
Tl By = [tzx ‘I‘ ";tzy],ﬁw T1 gV = — [t2x + ?;tBy],B 1vs T1 a — [t2z]lo.a . (5'12)
Tl yo — l:t21, + itzy],va: Tl IVa = [t2z + ?:tZ]/],IV [ Tl 88 — [t2z],ﬁﬂ
and by (5.09) :
UaIV —UBIV—U IV=UIV‘[V=O° - h
_ _ aYW?e [(l — im)z:l’ _ Ya?e? [l — 3,
U 3% P e V=" [ » 2L
202e® [[1 + tm)n| 2g2¢2 [1 — 3n27’ >+ (5.13)
U, = — 6 L2 ] U, = T [ n:]
By 4 L ,,.3 By pe 4 73 88 .
272,02 l_l._q;m)n’ 2a262 1___32/
U,=6 yae [ ;l U = —4Y 7
‘ Y 4 ,rs ya YY 4 ,’3 by J
By (5.04) _ _ YaPe 0 9\ '
o= =i ()
— __ :Yatet o ;0 S
bay = v <"55; lg;;)} Ce e _(5.14)
. v2a2ed 3 d\ '
N o 2 § B
T e <l Y, " 8w2>,
Z

VOL. COXXVIII.—A.
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so that

t;,,+z-zgy=-—-¥"“‘*{<l+zm> 2 izl

te = — T im) (5 ) — o im) (55— i) Jl (6.16)

The evaluation of the integrals implicit in (5.12), (5.13) is somewhat tedious.
(5.15) is arranged to match DARWIN’S formule :

(Z+i2)mre =gt {(2 - Bmn )
— (b= (b —u—1) (& + EEL) et 70

(&—ig) B =g { - (£ 1)

. L
Er0 =g (3 -
+ (b +u) (h—u) (2 + 2L 1>P%_1}fm ;

We expand 1/7%, 1/r5, in terms of Legendre polynomials. If y be the angle between
the vectors ry, I,

L/r® = (r® — 275 COS ¥ + 7'22)H312 = X A, P, (cos v)
n=0
| (5.21)
1/r5 = (1,2 — 2175 cOS y —+ 732) 752 = % B, P, (cos v)
n=0

where the functions A,, B,, depend on 7y, 75, only. They have singularities at 7, = 7,,
which, however, occur in harmless combinations in our integrals.
We expand further

P, (cos y) = P, (cos 0, cos 0, |- sin 6, sin 0, cos ¢; — ¢5)

it PU(0,40) PU(0ya) !
=3 s st/ AU (5.22)

Only a few terms of the expansions (5.21), (5.22) are relevant to each integral.
The first selection is made by the integrals with respect to ¢,, #,. These two variables
occur only in exponentials such as ¥, and all terms for which these exponentials
do not cancel contribute nothing to the integral. Thus each term in the rest of the
integrand. selects one term of (5.22) with the appropriate . It always turns out that
the rest of the integrand involves ¢; and ¢, in the form e*®~%.  Were the coefficients
of ¢; and ¢, in the exponent not equal and opposite no selection from (5.22) could produce
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a non-vanishing integral. This is exactly what happens when we work out a matrix-
component of S involving one of the group of four wave-functions (4.10) and a function
from another group with a different u. The treatment by separate groups is thus
justified. :
Having adjusted the ¢-integrations, we are left with integrations in 6;, 6,, of the
forms .
‘ j Py P+t sin? 6 46, [ ( Py Pu gin® 646,
T . . 0 ) JOo
j PUPusin 046,
0 T, . (N
j P?P%cos 0 sin 6 d6, L [ PP *1 cos 6 sin2 0 6,
0 J0

where the dots denote omission of the factor containing ¢. These are special cases of
the integral of the product of three tesseral harmonics, the upper suffix of one being
the sum of the upper suffixes of the other two. Such integrals are studied in the
appendix. In the first case quoted above, the integral vanishes unless n = k; in the
next two we must have » =% 4+ 1; and in the next two n =k or k & 2. Thus
only a few terms of (5.21) are relevant.

The integrations with respect to r;, 7, we leave for the moment, and use the notation

(0k|F|0k) = jgm (71) Gur (12) F g1o (11) 9o (r2) - 712 dry 7% diry
(5.23)
(0k|F|k0) = jgnk (11) G10 (72) F g1 (1) G (72) - 12 dry 72 dry
ete.

We give one example of the application of the rules set forth above to the integrations
with respect to 6, 0,, ¢,, ¢,. For the other integrals the result alone is quoted.
By (5.15), (5.20)

(tzz + ?;t2y) ‘-I’a, =

— %‘;23—62 {[rl sin 0; e — 7, sin 0,¢%] [<5§; — ;k;> Prii(2)
+u—1) @—u+ 1)+ @ @ s
— {7y cos 0; — 7, cos 0,] [(_8% — wk> T4 (2)
2 2

— (k= u+1) (b —u)

ory Ty

=+ P @)@ s
— [y sin 0,64 P (2) guo @) 417 (1) |
+ [y cos 6,] 5% P! (2) guo (2) g1 (1)} .......... (5.30)

Multiply (5.30) by 9,” and integrate, with due regard to the principles detailed above.
7 2
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(L. + ?’.tﬂy],ﬁy =
— Y””;”e” (2% + 1) j 910 (1) P () g (2) { [’r sin 0¢*Pi73 (2) —————-——-———AIPI phe

— 7y 8in 0, Py71(2) Ag — 1y cos 6,P%,, (2) A,P1 (1) PP (2)

1 75 co8 0,P%,, (2) A0]<i _ _’£>

ory * 7

A, Pi(1)Pi(2)
2!

-+ [rl sin 0, ¢ P4Z1(2) — 75 8in 0,e% P,,..le]

X (b + 1w — 1><fc—-u+1)(5-"j,;+’“+1)

Ts

+ [y cos 0,PY_, (2) A,P2 (1) P (2) — r, cos 0,P%_, (2) A]

X (b —u+1) (b u) (£ +2E2) 0@ 00 ) sy

_ @2’2'6’2 2k + 1)2 j 910 (1) PE(2) g (2) {" ry sin 6,4 (2) Py~ (1)

A Pi (1)P;_,(2) Ak+1m) Py (2)
X [(k+u—1)'< e VR e 1 sy

A Pit1 (1) Pici(2)
&+ u— )f(k—u)z

+ 7, cos 6, P (2) P~ (1)[

+ (]?flflu;’zt;%(]ﬁl_)_]i;’:ﬁ_(gg :l} s Gro (2) g (1) d“’l dr,

AP () P @)
FLu)l(k—u-+t2)]
AP (1)PE(2) AP (1) PEia(2)
o) oyt — 708 0P (@) T

+reos 0.B1 @) RO | (5 )

1) j‘ G0 (2) Fﬂﬁ G (1){ [7"1 sin 0,e*Pi71 (2) {

— 73 8in O, #PiT1 (2)

- A, Piti(1) Pri(2)
+[”1 sin 0, Py} (2) Iy —y
AP (1) P (2)
k- u) ! (k—u)!

A-Ic-—-lP%-—l (1) P'i:—l (2)
(k4+u—1)1(k—u—1)!

—7g 8in 0,e P71 (2) (

](k+uf1)(k—u+'1)<_é_i_;+k_;i-;l>

+ [7'1 cos 6,P%_; (2)

APt (1) Pi (2)

—ra 008 65P-(2) L LI h—ut1)(—u) -+ 1)}gnk(2)glo<1)dvldr,
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+ ,ngsez (2k + 1) jglo (2)Pr (1) g, (1) {—— 7, 8in 6,P¢ (2) P4~ (1) AP (1) PY (2)

ot éos 6,P1(2) P31 (1) W)}

3, 910 @ ) g (1) dry dry. (5.31)

On carrying out the 6, ¢, integrations, (5.31) reduces to

[t 4 ity gy = — LLE (4 (lc—l—u)!(k—u—|—1)!{(2ls+l)<0k 33A, A, 0k>
2
A, Ay Ao 1 8
+<“H2k—1”2k+3} Ok Okl{2k~1 2103—3} 1 or,
L k+1mn r 1
1r2—————-k___”: ko1 — ,+2k+3 :Am Ico>j. (5.32)

The last.integral in (5.31) vanishes.

[ta, -+ tt5,) v is given by (5.31) with the signs of the last two integrals changed.
This reduces to (5.32) with the sign of the last term changed. [t,, -+ 5], and
[t2, + %2, ]'tv. are obtained from [¢,, 4 its,]'s, and [ty + i5,) v respectively by
replacing w by » 4 1

[#5,] .. requires the calculatlon of an expression similar to (5 31), which reduces to

[tzz]'aa=\(2—‘;—2ez(4ﬁ)2(u+1)(k+u+1)!(k~u~1)! {(210-{—1) (bkl%ﬁqﬂ~

+ kol - gipabndylon ) - (k| @ — sl

k+11n . k. n }
gr A = A gy A [ o)} (5.33)

For [t,,]'ss we replace v 41 by v — 1; and for [t5.), v We replace v -1 by » and
change the sign of the last term.

Thus by (5.12)
2T, ., =0 2T, ,, =0 D) oy =2uT
2,y =—(b—ut)T 2Ty =(h—ut )T 2T, =2ty 7 | (534
2T =— (bt )T 2y =—(htu) T 2L =" )T
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where

T = y2a?e® (4n ) (k + u) ! (k — w)! {(2]“’1’1)( ) )

+ <k 0 '{2?76:1 - 2£$13} 3, Ok) <0]“ l {2;:’:11 - 21??3}“5?72

+ 4tk B A — Aut iy k 0> }

T = yate(an)t (k+ ) (k—w)! {(Qk +1) (o k|1 :
- <]° 0 l {2?1111 o 211: ]r3} 1or, 0 k> <O k ’ {22 ’:11 o 27? Ts} aiz

NI o S Wy W ko)}
<

1 7
"l A‘l - Ao
9"2

2 Apar

2k+3 Te 539
r. .

N —_—
nA Ay

2 A

2k — 17, o2k + 3 + 37,
U is treated in the same way. (5.13) then becomes :
| U.rv ::UBIV= yIV=UIVIV=O'
Ug= (@(Fk+u+1)(k—u+1)U A
Uy=—Fk—u+1) (2u—1) U

Ue= (k-+u-+1) (2u+1) U

V=220 L gpgon) — @rrppu oo (540
U = 2 e o+ 1) — w— 12} U
" U, — 40k (41— w U |
U = 3% g;r '“} ; ((;“k:f‘g) {(Zk 1) (04 | 1Bury® — 2Byryry - Byr2| 0F)
+ <0 k ] 2"’ E35, e — Bt 1) + gﬁ = 2 LBy s ko)} (5.41)

We now make use of (4.22) to find 2T,,,, and Umm,. Thus :

2T111 = {(’G +u)2 2T1513 - (k + u) (k — U “I“ 1) 2T15y
—(k+uw)y(k—u—+1)2T 5y + % (k —u 4 12 2T, v}

(the other terms vanishing)

1
(2k + 1)

=(2ki1)2{(k+“”’“““+1>W~—1)T+(k+u)(k—u+1)z1-
—(k+u)(b—w+1pT 4 (k—u+ 1 uT}

(by (5.34))

_(k—u4+1)k o /

= @t T—(k—ut+1)T}
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Similarly
_ k+1 [ kE—u+1 ) A
M= g ip e THT)
2T13$‘—=(W{(k~u)T—(k+u+l)T}
2T144“(2k+1)2{ kF—u T+T} . . (5.50)
k»-—u—l—l ’ \ k+u+1 A o
»2T112 = W{T+T} 2']-134 2(2k+1)2 {T“JF‘T}
, (k—l-u—l—l)(k u-++1)k , — k-—}-—l

2Ty 15 (276—}—1) {T+T} 2Tia (276-—|—1 {T+ T}
2T114':' %‘(—279—_"?——{ +T1 2T123 2———(2k—{—1 { + }

and in the same way

U, g k—utDEu-DEGh—1)y A
n T (2k 1)

U ____Al_(2u—1)(k+l)(2k—|~3)

o8 (k 4 u) (2k + 1)

o (k-+w-+1)2u-+1)k 2k—~1)
U33”“m. T“ (2k+1)2 U)
U~ 1 @utDESEk+3)y

4 — 3 ( “"‘U)(Qk"‘—l) 9
__ (k—u 1) (@k—1) (2k 1 3)
Ui = =4 2k 1) v,
bt 1) @k — 1) @k + 3) L. . .. (8.51)

— 1( — U - —

Use = =4 2k - 1) u,
gkt u+)k—u+1)E@Rk—1)
U= § (2k + 1) ,U’
(k1) (2k+3)
U= —%% @k + 1) Y.

- (k—w-+1)(@2k—1)(@2k+ 3)
U14—_“%> (2k+1)2 U

. (k+w+1)(2k—1) 2k +3)

U= & 2k 4+ 1) v, Ji

S,... can now be written down by (5.10).
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(00'9)

«1+98)9 n—y N:+§Z +
N (E+%G+a9 0 Fm) €+40) (t—4R)(1+n+9) — %Iﬁ,wa'a.fmxlmv:.vsﬁ,r E%@Pié:r@:.rslez
(1 + 78) n—y {1+98) g + G
A=) — L FntT+g ™ L1 Gtrta-— N\A.“Lrummv:.lv £A~+s|$
(e — -
A1 +§V 9 (1 +93) 9
(8 +42) (19 (1 + 7+ 20 — | L2 (g o (o) (b + | BEEID0 0oy (g () — ALH100 ) (4n=) () 7=
{1+92) 2 «1 + 98) (1 + 3 ;
Lty Tttt - ATty —Lmogptatrta— N.A\._...Nwmz+s+s,. NMHHN_NWVE~+3|$:+,§+$1
(fae — Ao (1 +n+9)
{1 +§Z {1+ 98) 9 o1+
T Etwa+ny+ |ll!£+§v:!§:+g+s ( aﬁvwa+§:m@.ﬁmv:|§+ E+:§Za+ﬁv:rﬁv:+31av+
{1+ 73) {1 +42) 3 (1 +%8) %+ g di+98)e .
iUk Ve Lty Ttnta-— \._.§+Mvt._.:+sla:+@+. L4 atr—a)
(e — ,me) K + 1
E o +§E
(e +92)(1 —92) (1 +§1$+ LR L (1—%8) 4 (1-+n—9) (1+n-+9) 53— NEAMJrﬁV:lﬁ:TQf@I E«E:iﬁ%:ti:ii&!
{1+ 982 A1 +93) - AL+ 993 {1+ 98)
Lty atr—w) L+ iﬁ._,sts:.;f: 13y Otn—a Latn—p—armrpilttr—a-—
("ae — Q) o (1 +n—g) =P
0 o(M+n+9) ) pD(I+n—g)— = afn¥y
“suoypandag wdul L ‘9
WZJ T 40 W/w T 40

<<q

" TVAOY TH L IvDIHdOSOTIHd

Y TVAOY dH.L 1vDIHAOSOTIHd
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Above are given the values of C,, @'Y (m = 1, 2, 3, 4), read off from (4.12) and (4.23),
and the determinant A defined in §3. The three values of §E* (u == I, II, ITI) are the
roots of the equation (3.9). It can be verified at once that the second and fourth
columns of the determinant in this equation are proportional when

T__ kT E(2k—1)U
3E *8E1+(2k+1)0+3(2k+1)0' ...... (6.10)
Similarly the third and fifth columns are equal when
mr __ _(k+H)T  (k+1)(2k43)U
SE™ = 3K, @ T1)0 -+ SEET10 (6.11)
It is now more convenient to write the determinant thus :
4 =] (k —u+1)C(SE* — sEY v
(b —u+1)Q — (k1) (k+u+1) P (b —u-+1)Q
+ (b —u-+4 12 P
_C  (sE* —5E™)
(k—u+1)Q b+ u —(k+u+1)Q R
+R
' (k1w + 1)C (SE* — 5EY)
—(k—u-+1) (k+u+1)P —(k+u+1)Q —(k+u+1)Q
+ (bt 1EP
: -G (sB* - sE™
(k—2+1)Q R —(h+u+1)Q b—u
+R
(6.12)
where ‘ , '
_ L THT . U A

_ T+T e u
Q= %W‘F“(Qk 1)(2k+3)m > .. ‘(6.13)

— (] T+7T U

VOL. CCXXVIIL.—A 2 A
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The equation (3.9) reduces, by division of the first row and column by C, the second by
— (k — u 4 1), and the fourth by (£ + w -+ 1), to:

0 1 1 1 1 =0.
C(sE—3EY) _ : _
1 Tl +P Q P Q
< C(E~—3EM)
1 —Q FR — R .
k4-u Q (6.14)
. C(5E*—3EY)
1 P Q Tl +P —Q
L —a R g Sl
The coefficient of (SE~+)? is
— 2 (2k 4 1) C° o (6.15)
(b—u—+1)(k+v) (k+uv+1)(k—u) S
The coefficient of (3E*)? is
(2 {OSE . 2 (3% 4 1) + OSE™ . 2 (3k 4 2) — (2Q - P + R) 4% (I -+ D (616
(k—u+1)(k+u) (k+u-+1)(k—u) '
Thus
W _3k+1 o 3k+2 iy 2k(k+ 1)
Mﬂim 3B = i ST+ ST i SEH S G@Q+P+R) ... (617)
and v :
oo k I k41 111__270(]‘;‘1‘ 1)
ST = oy 3B 4 gy OF TR u ......... (6.18)
__k E+1l oo T (2k+1)©@k+3)
ok - 1 1+2k+1 OB, (2k+1)0C 32k +1)C U, (6.19)

(6.10), (6.11), (6.19) give the fine structure of the triplet.
We now consider combinations with the normal state.
vanishes, having two rows proportional. Hence by (3.7)

For terms I and III, A

XI 0 = XIHO =0, v v e e e e e e e (6.20)
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For p = II, the following determinants are easily evaluated :

A=(k—u+t+12(k+u+1)? ,
C (3E™ —3E" 4+P —Q P —Q

k—u-+1
N CQE"—3E™) .
Q = +R Q R
N C (3E"—3EY) .
P Q k+u-+1 +P Q |
_Q R ——Q C (SF;‘II___ SEIII) LR
—

169

_ (k—uw+1)(k+u41) (5E” — 5E%) (5B — 3E) (2 {(SE™ — 5EY) (5E" — sE™) (2

(k —u) (k +u)

+ (5B — 5EY) CR. 2k -+ (3E" — SE™) CP. 2 (k1 1) + (PR — Q2) 4k (k+ 1)}

’ =(k—u+1) (70—{-—u+ 1)](:(7{} + 1) (SEII__ SEI) (BEII__ SEIII) O

(k — ) (k+u)
B ) )
(o B 20 2((2]“;; 11))1;— 2B _ 2q/c)
(Rt sog) o)

&—w) (htw)  (kI+1p

1 _—_..(k_u’{“l)(k‘*'u‘i‘l) I__ SRl I __ yEu o8
2C, a, Ay, = =) (F L) (3K SEY (3E )
« (3B — 5B C -+ (R + Q) 24}

_ (k _—(Z:-l_;,; Y]‘; :ll:’b;)‘l' 1) 2]{;]:_ - (5ET — SEY) (SE — SE) e
X {3E, — 3B, — T'/C}

2 0, 0,1 Ay, 18 the same but for sign.

3 Oy gy = — b D0t 1) AL (i — o) (3B — 37 C4
x {3, — 3B, — T'[C}

s dm'amllv Ay = — (bk—u +k1¥]<;+ u-1) 27076—:—11 (SEII —SEY (SEII — sEuL) Ce
2 A2

(b—u+1)(tut ) kL) g g (sEr— sEW) Co(5E,— 3B, — T CP.

(6.21)

.. (6.22)
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Hence by (3.7)
= ka''; a1 = (b + ) (k- 1) a¥; ag" = — ka"; 0," = (b —w) (b + 1) a¥, (6.23)

where
N . 2k "l"‘ l XII 0 AEIV - AEII

@ = k (k + 1) XIVO SEl - aEg . 1-_-—’7‘{)‘ (6.24)

The wave-function ¢y is thus determined. The integral of its square is, by (6.23)
and (4.23).

O = {2 (b — 1+ 1) €+ (b 4 1) (b ) © - 22 (b - -+ 1) O (b= 1) (b— 1) C} a®
= 2k (k + 1) (2k -+ 1) C g™* |

_ 22k A1) [Xno AEY — AEY ]2 -
=0T | Xn, SE B, —TC C.. ... 0. (6.25)

By (4.12), (4.23)

so that

Xoyp , Xy — k(k+1) I:SE1 — 3E, — T//()]g

Cn Oy (2k+ 1¢| AEY — ART |-

If there are an equal number of atoms in state II and state IV (6.27) should give
approximately the ratio of the intensities of the lines IT -~ 0 and IV - 0.

7. Numerical Values.

We now calculate T, T’, U. It may be pointed out here that T/C, T'/C, U/C, are
all independent of u ; so that the results of the last section are independent of this
quantum number, as might be expected. The first step is to evaluate the combinations
of A’s and B’s which occur in (5.35), (5.41). We shall use p. for cos v, and 7,x., 7min.
for the greater and less of 7y, 7,.

Multiply the first equation (5.21) by 4 [P;_; () — Py.1 ()] and integrate.

A., - Ay — 1 Jl Py (1) — Praa (1) du
2k—1 2k+3 2 i(r? — 2rr, p + 12)°F
=1 [ i () — Fraa (1) ]1 1 PP (e) — P (i) du
Elrry (2 — 2m 1 w 1) 2mry ) (R — 2my7p p - r?)
R SR V0 RV R O P T | o
T j—1 (ry — 21979 o + 152)'° i = e T (7.00)


http://rsta.royalsocietypublishing.org/

THE ROYAL A

PHILOSOPHICAL
TRANSACTIONS

|
A

A \

THE ROYAL £

PHILOSOPHICAL
TRANSACTIONS

A A

N

SOCIETY

s A
A A

SOCIETY

OF

OF

Downloaded from rsta.royalsocietypublishing.org

J. A. GAUNT ON THE TRIPLETS OF HELIUM.

Similarly

k+1mn
2]0——1?"2Ak1 Ak+

2k+3 Ty Alc+1

dy.

=1
2

Sl <k+1>j—; Pioy (1) — 2k +1) Py (p) + & IP,.H(u)
-1 _ (r® — 217y H+7’2)

S‘ BIP,  (n) Pk+1(u)]+[ p.~—1](2k+1>Pk<u>
._% (r2 — 27y o+ 752)°F
717'mm, +1 a [1 %‘(270 "‘l“ ].)Pk([.l-)

Vo

i GV
Ty Thms T2 37’2 2— 21y p +15%) !

. ]. rk rin. + 1 0 W‘mm
= —iT s R S BT
72 mTtx Ts 87'2 7'm.;x

By an integration by parts :

Ak-1 _ Ak+1} 0
(kOH%—l %13 "o,

I
°k>+<°k’ s Rt KAL)

. _Y Lk 12A4_y - 79 Ak+1} k 0>
o <Ok¢2zarz{2k—1 2k +3 B
and by (7.00)
Irl a 72 Afc—-l ¢22Ak+1} —_ _7;1_._8__ ("_‘_2; rmm > — _1_ r;;min. 1_ a ’rmm
r2 87*2 2k —1 2k+3 752 Oy \7y 7541 72 il Ty 67*2 phl”

Substituting the last four formuls in (5.35),

T = ate (4n)? (Ic—}-u)!(k—wu)!“{(%-%- 1) <0k’%§1—Al — &|0k) )
| ol hm 10 L
-2 (ko[ 2ok ) b

T = yaret (4 (b+0) | (6 — )| @+ 1) (08|42 A, — &[0F)
Also

S‘ 2Py (1) — Py ()
1 7’1 A — A, = 72
' 3 -1 (1 — 2ryrap + TP

du
_ Lo du
o 27'2 87‘2 -1 (712 — 271'7’2?‘ + 7'22)1/2
» O iff1,>-7‘2
~1090 1 _
Ty 872 T'max. — -1-3— if < T -
r

2

11

(7.02)

© (7.08)

(7.04)

(7.05)
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172 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

In the expression for U we have

'2‘%{“}% B,_.mr, — B, (”'12 -+ 15?) 4+ '2%—1"%

— % {1 (2]6 + 3) Plc—l (p.) 7‘17‘2 — (2k "I“ ].) P],;(LL) (7’12 "[“ 722) ""‘ (2 ]C -_ 1) Pk+1 ((}.)7‘17’2 d{.l.
vl (12 — 2ry7yp + 75%)5
=1 Jl 3r7s [Proy (1) — Prya (0) 1 — (26 -+ 1) Py (1) (1> — 2150 + 7'22)d
-1 (r® — 2ry7ap — 152)52

Pk—-l( )"“Pk+1( ) ! ! P,k——l( )——P,k+1( )+(2k+l)Plc( )
%[( @ “] .__;L @ © OF

2
12 — 2075 p - r52)3R (1 — 27y + ”'22)3/2

Biiimrs

w

I

-1

V(h— w) ! '
U = 3¢ae ‘(’“2];*_“)15 ng f)g; 2k 4 1) (0 k|4 Byr® — 2 Byryrs - Byrg? |0F), (7.11)

where
t Bor2 — 3 Byryr, 4 Byrp?

=13 J'l Py (p) v — 2 Py () iy 4 Po (1) 7’22d“
-1 (r® — 2ry7ap 1525

P, (n)—1
72[ Py (1) — Po (1) ]] __LS Ty 1(w)
t B (2 — g PRl 2 TE — 2, TR
0 ifr, > rﬂ

top

;-:-?: ifr, <y J :
as in (7.05).

It will now be assumed that the orbits, (1, 0) and (n, k), are well separated ; in other
words that g, is small where g,; is large, and vice versa. Then the second term in
T will be small compared with the first, and T = T’ nearly. Also since the (n, k)
orbit is larger than the (1, 0) orbit, ¢1o (1)? g, (2)? is negligible for 7, > 7,, so that with
regard to (7.05), (7.12) we may put

— (o0&

\

ok > — (0k|1 Byr — 2 By 4 Byra2| 0 k)

32 A — A
T2
~ L ;% Gui (o) 192 dry _L Gro (11)? r? dry. (7.20)

Strictly, the limits for , should be 0 and r,. Using (4.21), (7.04), (7.11) :

_ 22 02 o ®
—Tjo= DIy PEE 1) [ Lgurrdr []] gutrp ear a1
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J. A. GAUNT ON THE TRIPLETS OF HELIUM. 173

We can get a fairly good estimate of (7.21) by taking g,, to be the radial part of
the wave-function in a Coulomb field (Z — 1) e/r, where Ze is the charge on the nucleus.
That is : '

G (1) — 7% exp <_£;a1¢> v <Z7;(;12T>, ce e . (122

so that
—TjC ~ L% 0k + 1)(%%_.1. 2)3 j 221 o= T4 ()f dp / j: o2 g L2 (o)t da.
- 0
(7.23)

The integrals in (7.28) are found by a method published by ScHRODINGER* and
extended by WALLER.} The integral in the numerator is

the coefficient of (( _)}_—]]; in(2k—1)! (¢ (1) (tls;Z 3)*2’
5 (r+1)32y
1.e., (0 + k)12 (2k — 1)! X the coefficient of "~ *~" in ’J(-i—:——)-z—k—-
, P |
” ”» »? 1—y)= —
2 2 ( y) dy(l - y)2 ;
2 9 ” » 33 (1 - Z’/)_%_z + 2y (1 - y)~2k—3
_ (n + k)! 2.(%-}—]0)!:?
(n+Hk)!* (2k —1)! {(%—l—l)'(%‘“ —1)!+(2k—|—2)'(n— —2)'}
(n+k)!3n (7.24)

= (m—k—1)1 2k (k +1) (2k + 1)’
Similarly the denominator of (7.23) is

(n-+k)!32n
_ —F=DU e (7.25)
Therefore - | 2k ) . . . I
s (2 —1) 2k +3) g0 (Z — 10y _ — 1)y
~T[C= . ujo~ (A2 re e me B (20

The difference between 3E; and 3E, is the spin-doublet separation belonging to
the (n, k) orbit. Their respective (Dirac) j’s are — k& — 1 and £, so that—again
assuming a screened Coulomb field—

4
SEl = d¢ — 2'7%02 (Z (k_ﬁ- )

— 1)tyt
3B, = 3¢ — Jme? Q_W%—Y-
We are not concerned with the value of 3¢.

* SCHRODINGER, ‘ Ann. Physik,” vol. 80, p. 437 (1926).
T WALLER, ¢ Z. Physik,” vol. 38, p. 635 (1926). ‘
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174 J. A7 GAUNT ON THE TRIPLETS OF HELIUM.

Thus by (6.10), ‘(6.19), (6.11), using T' for T
62(Z~1)3«_x4 Z—lk_}_ ko k 1
n”k(k—i—l){ 2 2k +1 (2k+1) (2k + 3))

o s, (A= 1Py (Z—1 BB+ (k1P 1 1 )
SET = 5 mcgn%(k—i—l){ 3 2% -1 YRy G D)

SEI = 8¢ — m.

T —_— 3 a4 — v.
s = be — met S G (25 0 — 2 — )
‘The values of the brackets in (7.81) are given for k=1, and Z = 2 and 8, and Z - =
Z=2Lk=1 . Z=3 k= Z-w,k=1
! ‘%‘ +5— 1= ’%‘37" L+4— 5 =13 32 (7.32)
T g—%+% = P—%+E =4 i
L 1—-3—% =—38 2—-4—% =8 z

The last column gives the “normal” structure of the triplet. The other two
columns show that the P-terms of He and Li* are both partly inverted, and thatin
the former case two terms nearly coincide. These results are illustrated diagram-
matically below.  The heights of the lines indicate the weights of the terms. The
figures give spin separations in arbitrary units.

3p A .
] 33 b He 14 ’1
| 3 2 I Li+ 5 5
‘ 2 ' 1| Normal 3 2
Fic. 1.
For k = 2, the brackets in (7.31) are :—
: Z=2 Z=3 )
A 4 8
_ | L. . (7.33
m Z-lopo g4y # wo [0
L R 4 "o
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Thus in He the D-terms are completely inverted, and spaced in the ratio 1:14;
and in Li* they are partly inverted, and the spacing is 9 : 5.

The 2P-triplet of helium is the one for which the best observational data exist. It
is well known that the two strongest 2 3P — 333, lines are scarcely resolvable, but
their separation has recently been measured by Hansen* and Houston.f In this
case the two orbits are too close to allow us to neglect the second term of T in (7.04).
We make a rough caleulation of T with wave-functions appropriate to Coulomb fields :

Gio = exp(— 2rja), gy =rexp(—r/2e). . .. . . (7.40)
The inner orbit is here supposed to lie in a Coulomb field with nuclear charge 2e,

while for the outer orbit the core charge is taken to be e. Then by (7.05) :

o ¥ | 0 ,N 1 dr " 1645
(()k!% ~:-A1 — AOEOk> ==—~j0 L 7. OXP (-——71 — f) 2 dry v dry = — (7.41)
and

Woin, L 0 . T 5r 7 0 2r
(kOsT——r‘-— - I076) _—:j j —’-—2exp< —on i)—-exp< —f) 7y dry 12 drrs?

!Tmt:;x. ) ?—7—7:2—| 0 Jry Ty 87'2
("7 B m 9 <ml3> 2 2
L Jo L 7 o ( 2a 2a> ar, P ot dry 1i* dry
48a5
- I TN (7.42)
The integral in C is
o » .
j exp (— 4y Ja) r? dry jo 72 exp ( — 7/a) 1.2 dry == ?—’% ce o . (7.43)
0
Thus
v 32.7
T/C _— —gs— ........... (7.4:4:)
and using (7.41) in (7.11)
2¢?  32.3
u/c Y-a— I .. (1.45)

We must make a corresponding estimate of 8E; — 3E,. If V is the potential energy
of the central field used for the (2, 1) orbit in an equation like (2.0), then 3E, — 3K, is
the mean value over this orbit of f

ke 39V
16m2mic®r or

* Hansew, ‘ Nature,’ vol. 119, p. 237 (1927).
T Housron, ‘ Proc. Nat. Acad. Sci.,” vol. 13, p. 91 (1927).
1 Dirac, ‘Roy. Soc. Proc.,” A, vol. 117, p. 624 (1928).

VOL. CCXXVIII.—A 2 B
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176 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

If we use HARTREE’S mefhod, the best value of V for the outer orbit is (2.3)

V) =2 w oo o) [t )

T [l [l

v

(7.47)

since when we expand 1/r in terms of Legendre polynomials all terms but the first vanish
on integration. Thus (7.46) is (with r, for 7)

3"{20/262 2 1 a jl "pl() (1) }2/7'111;13(.
4 73 1y Or, j’[ bao (1)2

(7.48)

The mean value of the first term is

%0 o . l
2 j() /"2 eXP ( - 7’2/6&) dr2/j‘0 7.24 eXp (_" /’.2/(1/) d?'z == W. LR (7.49)

The mean value of the second term is

P~ oy, 1 / 47 r | . . ‘ . . o ____64 .

~~—JO, JO 9—; exp \\ —-—j——j) 192 dry #2 diy / L exp (—4ry Ja) ry dr 1[01"24 exp(—7r,/a) dr v
| (7.50)

o 202 / 1 16"

['herefore SE, — 8K, = X< {»\Iﬁ — —’57)

Thus from (6.10), (6.11), (6.19),

W — 3BT = 3 (3K, — SE,) + 2 13- +3Y 0003 2/ ]
C
oL(151)
SRV — SEY = & (5K, — 3F,) -4 X — & g — - 0-063 y2e/a J
C

This is an inverted triplet with two very close components.

He 23p
A
I 2) '
Fra. 2.
The experimental separations are :—
3P2 - SPl 3P1 - 3]_)0 RatiO
Hansen . . . . . . 0:075 cm™? 0-98 om™ 13:1 )
b (7.52)
Housron . . . . . . 0071 cm™ 0-992 em ™t 14:1 |

The ratio of the separations in (7.51) is 21 :1. It cannot be relied upon, for quite
a small change in the relative values of the integrals involved—especially in SE' — SE"
—might halve it or reverse its sign. The agreement is as good as can be expected.
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Housron gives a partly inverted 3D triplet, with separations 0-02 cm.~* and 0-06
em.~t. This agrees neither with the present theory nor with HEISENBERG'S.

The finé structure of the 238—23P line of Li™ has been investigated by SCHULER,*
but as he finds no less than eleven components, comparison with the theory seems
impossible.

The magnitude of the separation of the extreme components of the helium 2P triplet
is given by (7.51) as 0-77 cm."?, as compared with HEISENBERG’S 0-62 cm.™%, and the
observed value of 1-06 cm.™*. SuUeIURAT, however, by calculating the mean value of
1/r® with more accurate wave-functions, has raised HEISENBERG'S result to 086 cm.™™.
A similar correction would greatly improve our value.

For other Helium triplets (7.81) gives the following extreme separations.

- 3P 3D 4D
Sv (7.81) em. ™ .. .. ... .. 0-25 0-046 0-02 1 7.58)
Sv (HousToN) . . . . . . . . .. 0-286  0-08 0-04 | '

The calculated values are quite uncorrected, but no correction is likely to produce
HousTtoN’s values for the D triplets. ‘

For Li* 2P, (7.31) gives 5-8 cm.!, as compared with HEISENBERG’'S 3:65 cm.™?,
corrected by SUGIURA to 4:25 cm.”. HEISENBERG gives 4-4 cm.™ as observed by
S. WERNER (unpublished). The extreme width of ScHULER’S multiplet is 7-05 cm.™?,
but the meaning of this is doubtful. '

We add an estimate of the intensity of ortho-para transitions. By (7.26), (7.30)

, Z— 1P (Z + 1) 4 |
SE, — 5F, —T/c;%mcz( n3k)(l(c - 1)” e (7.60)

If the separation between ortho- and para-terms be represented by a difference of

quantum defect, A3, then

ARY — ARY = e (Z— 1)y

nd

AS, . ... ... (1.61)

so that the ratio (6.27) of the probabilities of the transitions II — 0 and IV — 0 is
I e L e
(2k + 1) [ 2k (kK + 1) AS ak (k + 1) (2k + 12 A8’ '
Taking A3 from HEISENBERG'S paper, we give examples of this ratio :—
| He, 2P > 18 Li*, 2P — 18
A3 e e e e e e e e e e e 0-06 0-06
(7.62) . ... 10-7 7.10-7

l (7.63)
J

Thus the line 23P; — 11§, should be 10~ as intense as the line 21P, — 118,, and so
on. Such lines are not observed.

* SCHULER, ‘ Ann. Physik,” vol. 76, p. 292 (1925).
T Suctura, ¢ Z. Physik,” vol. 44, p. 190 (1927).
2 B2
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178 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

8. Classification and Selection Rules.

The form of the spin-energies given by (7.31) for large Z suggests that the three
terms I, II, III, have (ordinary) j’s respectively equal to & + 1, k, £ — 1. In this
section we verify that the weights of the terms are 2k -3, 2k 1, 2k — 1, in
accordance with the usual formula 2j 4 1; and also that the selection rules Ak = 41,
Aj = + 1, 0, are valid to a first approximation. '

The weights are governed by the fact that for certain values of w the four wave-
functions in the group (4.10) reduce to three or one. In the preceding sections
we have tacitly assumed that £ = 1, |u| < k. If, however,

w=k-+1 ... ... (8.00)
we have

b =46 (1) 6 (2) — 0 (2) ¢ (D] (1) % (B) = ds, - . . . (801)

and the other three wave-functions of the group do not exist. The spin energy is
evidently

SE == SE ‘I_ Sﬁp/olg

k@k—1)U _

"8E1+2k+10+ 3(2k+1)C

by (4.20), (5.34), (5.40). (The factor &k — u + 1 belongs to a 0!  The factor (£ — u)!
must be omitted from T, U, C in (8.02).)

Similarly for
U= —Fh—1 . . (8.10)
we have only
1 $o=[d5(1) ¢5" (@) — 45 (2) ¢r" W]t V) % () = &5 . . . . (8.11)
an
3E =388, +8,/C,=8E" . . ... ... ... (8.12)
Again, with
u==k (k=1) . .. . ... ... (8.20)
we have
bs =[5 (1) 6i7" (2) — 40 (2) i7" (1) xa (1) 24 (2)
by = [0 (1) 65 (2) — 60 (2) i (V] Dta (1) 25 (2) + 2 D2 )] . - (8.21)

brv = [40 (1) i (2) + 60 (2) ¢ (1)] (e (1) 76 (2) — %o (1) 24 (2)]

but no ¢,. (4.12) shows that these functions depend on ¢y, ¢, ¢3, alone; and, in
fact, ¢, does not exist. The calculations of §5 and §7 are valid, with the omission
of ¢, and {,.

The m’s of § 3 are now three in number, and AE has a double instead of a triple root.
The only modification is the omission of the last row and column from the determinants
of § 6. If we multiply by £ — w the last column of the determinant in (6.14) and then
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put v =k, we are left with the modified determinant multiplied by the extra factor
C (3E* — 3E™). The roots of the equation with the modified determinant are thus
the same as those of (6.14) with the omission of 3E'". That is,

SE¢ =38E'or 3E™. . . . . .. ... L. (8.22)

The same is true for v = —£.
Thus the three terms arise from the following ranges of .

Term Range of u. Weight. g

I ... 0. —k—-1=u=sk+1 2k-43 k4

S —k =su=sk 2k 41 k . (8.30)
m  .... ... .. —k+l=u=<k—1 2t—1 kE—1

The multiplicities correspond with the values of 7 suggested.
For k=0, u = +1 gives 3E = 3E; as above. With v = 0 we have only

gy = (% (1) 6% (2) — 6% (2) #% (1] [te (1) %o (2) -+ %o (1)xa<2)1} o
bry = [8% (1) 6% (@) + 6% @) % Wt W @) — 0 W x @1)

where the principal quantum numbers have been inserted to distinguish between the
¢’s. By (4.12)

by =— 91— ¢3
e e (8.32)
) by = — 41 + s
By (5.34) (5.40)
. 'S‘yy:_‘SyIV:SIVIV:O) L I R R T (8.33)
so that evidently
SE = SEI.

Thus the triplet has reduced to a single term of weight 3 — the well-known 3S,.
The para-term is a 1S,. ' :

In order to discuss the selection rules it is necessary to write down the wave-functions
Y1, Y11, $im, corresponding to the three terms of the triplet. The coefficients a%, obey
the five equations (3.6), (3.8). For I and IIT the right-hand side of (3.6) vanishes,
by (6.20). We then have five homogeneous equations with the coefficients set out
in (6.00). For I, the coefficients of @', as" in all these equations are in the ratio
—(k —u-+1) to (k+ u 4 1) ; so the solution is ‘

w'iktutl=a'k—ut1; a'=a'=0 ... .. (8.40)
For III, the coeflicients of a,™, @,', are equal in all the equations ; so

"= —a"; e M=, =0, . . ... ... . (8.41)
a,”" is given by (6.23).
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180 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

In each wave-function there is an arbitrary multiplier which is chosen to suit our
convenience.

b= (b bub 1) @h-1) 4 A (b—ut 1) @k 1)
$yp = kdy + (k4 u) (B + 1) 4y — kb, + (kb — u) (k4 1) ¢, . (8.42)
‘Pm = (2]‘7 ‘|“ 1) ‘Pz - (21" + 1) 4’4 )

Using (4.22),

Y= (b—u+1) (h—u) $o -+ (b-but1) (b--w) b — (b-u-b1) (b—ut-1) ¢,
$y = — (k—wu) ¢, + (k-t+u) 45+ ud, > (8.43)
‘-pm = “Pa + % -+ "P-y

As many of these equations as are relevant are true for the incomplete groups.

It is sufficient to consider radiation polarised parallel to the z-axis, for which we
require the matrix-components of z; +2z,. We shall restrict ourselves to states in
which only one electron is excited, the excited orbits in the two states being specified
by n, k, w; »’, k', . Dashes will be used throughout to distinguish the final state.

We write .

7oy g;j'¢,,(z1 L) Uy, ete. ... .. L. (850)

The integrals most easy to calculate are Z,,, etc. Thus

~

Zie =2 | $8(1) $E77(2) (12 €08 0y + 1y cos O) § (1) 417 (2) dy d,

— 2 [G5(1) $E71 2) (ry 008 0, - 7 008 0,) 43 (D) 17 (1) dmidrs . . (8.31)

'The integrations with respect to ¢, ¢,, vanish unless

A (8.52)

The 6,-, 6,- integrations then vanish unless
. (8.53)

The second integral in (8.51) vanishes unless £ or %’ is 0, the other being 1. We
shall leave aside the exceptional case involving 3S,, and suppose £’ =k -1, k£ = 1.
Then

Z,, = 2(2k 1) (2k -+ 3)jg1o (1) Guia (2) Pifi(2) (71 cos 0, + 7, cos 05)
910 (1) g (2) Pi+ (2) dvy dry

= 2 (4n)? (k+u-+2)! (k—u)! L gior® dr J: GursrGu? r23dr. . oo (8.54)
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Ly , 4, require the same selection-rules, and are similarly calculated.

vanish owing to the spin factors. Thus

Trw = (k4w +2) bt ut1) 05 Zyg = (h—ut2) (h—ut1)%;
Ty =2(k4+u-+1)(k—u-+1)¢

where
C=2Unp(k+u)! (k—u) !j Y drj Qi1 Gu? 72 AN
0

0

Now (8.43) gives :

Zip=(k—u+1)(k—uw) (& —uw +1) (K —v') L,
4w+ 1)k u) (B w4 1) (B o) L

+E+ut+1)k—ut+1)FE 4w 1)K —v +1)Z4,, . .

181

Z,y, ete.,

... (8.55)

. (8.56)

(8.57)

and so on for other lines. Using k' =k + 1, v’ = u, and (8.55), such formuls

yield :—
Zyy = (k+u+2)(k+u+1)(k—u+2)(k—u-+1)2(k+1)2k+1)
Iyw =k +u+1)E—u+1)2c(k+2)¢
L= 2(k+ 1) (2k + 8) ¢
Zivw =k+u+1)(k—u-+1)2u(@2k+1)¢

ZIII' =0

Ly = —2((k +u+1)(k—u-+1)¢
ZIII v =0

Ly v = 2u 2k +3) ¢

Lo =0

It is seen that the non-vanishing lines follow the usual scheme :—

1= &+2 k+}‘ k ,
15k +1 i I m
{=k 1
j= k41 k k-1
Fic. 3.

The selection rule is established

[

L. (8.58)
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182 J. A, GAUNT ON THE TRIPLETS OF HELIUM.

We can go on to verify the summation rule for the intensities. It is necessary to
calculate the normalising factors. C,, G, C, are given by (4.20). Using (8.43) we
obtain '

G =(+u-+1)(k—u-+1)2(k-+1)@k+12C )

Chp =2k(k-+1)(2k+1)C .. .. (8.60)
o 2h@E1p | |
Tk u) (B — w) J

For C,, Cy, Cyr, we replace & by k-1 and C by (k+uw+1) (b—u +1)C
where

C=2Un2(k+u!(k—u! jgmzyz dr jgnmf r2dr.. . . . (8.61)

Then the intensities are proportional to :—

2y _(ktut2)(k—ut+2)(k+1) & 5, (AF1) (245 81
C.Cy (k -+ 2) (2k - 3)2 CCr = B 2k + 3 cC
22y u? S E — 1 1 Ez
C:Cr k122 (213 CC i ° k-+1 cc’
Ly . (ktut+l(h—uw+1) E é 1 1 e
C; Crr (k412 @k + 17 2k + 37 CC 5% ® (k+1)(2k-+1)(2k+3) CC’ y
2P :(k+u*+‘1)(k~u’}‘l)k(k+2)ﬁ 2% — 1 k (k + 2) &
C O (k+12©@k-+-1)(2k-+-3) ¢ 5 ° k1 ce’
Ly ? RS R 1 iSE
CIIOIII’ k (k + 1)2 (2[6 ",— 1) CC’ -k 8 k —I" 1 CO,
Loye . ktwk—wk+y ¢, (k) E@—1) T
OHICIII’ k (2[5 + 1)2 OC’ ~k+1 3 Qk + ]. CC/ J
(8.62)

The second column gives the sum of the first column over all u relevant to each line.
©2/CC’ is independent of u. The sum of the coefficients of ¢2/3CC’ for the lines involving
I, I1, 111, respectively are

(k+1) (2k + 3) (k -+ 1) (2k — 1) |
skl Pt ST (8.63)

These have the correct ratio 2k + 8 : 2k + 1: 2k — 1. Similarly the sums for I’, IT’,
111", are respectively : -
(k+1) (2k 4 5) (k+1) (26 4-1)
T k-1, s (8.64)
in the correct ratio 2k - 5 : 2k - 3 : 2k - 1.
It should be emphasised that the selection and summation rules of the second part
of this section have been deduced only from a first approximation to the wave-functions.
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J. A. GAUNT ON THE TRIPLETS OF HELIUM.

Apart from radiation by quadripole and higher moments and the magnetic moment
of the electron, there may be lines arising from the dipole moment through the smaller
terms in the wave-functions which break the selection rules. The inter-combination
between triplet terms and the normal term, for which intensities have been found,
provides an extreme instance. This arises from the spin perturbations; but the
perturbation by the interaction of the two electrons should give rise to stronger lines.
The ratio of their intensities to the intensities of the lines which obey the selection
rules might be expected to be of the order of the square of the ratio of the para-ortho
separation to the total energy.

9. A Triplet of Doubly Ionised Oxygen.

So far, one electron has been confined to an orbit for which £ = 0. In this section
we consider the terms which arise when both electrons are in (n, 1) orbits, as for the
terms of O** which give prominent lines in the nebular spectra. O*, in the states
under consideration, has a core of complete shells which may be represented by a
central field, and two series electrons in (2, 1) orbits.

The result of the perturbation by P alone, the part independent of the spins, is
not now quite so obvious as in §4. There it is assumed that each wave-function
corresponding to orbits with given »’s and &’s has one of two energies after perturba-
tion by P alone. One of these energies is common to all the functions which are anti-
symmetrical in the space-co-ordinates, and the other is common to all which are sym-
metrical, independently of the third quantum numbers « involved. This assumption
will now be proved to a first approximation for the case when one k£ = 0, after which
its modification for the case of this section will be examined.

It is convenient to distinguish the functions of (4.10) by an upper suffix u. We
require to prove that

. (0 ifusu' )
forpyr=

ie: AR if 4 = o’

with similar equations for 8, vy, IV, AE' being replaced by AE™ in the last case. Now
P is a function only of r,, 7,, r, and can be expanded in the form :

(9.00)

P=3D,P,(cosy) . ..... ... (9.01)
7n=0

where D, is a function of 7, and 7, only.
It follows that

[SED FE@P 48 (1) ¢ @ deydry . . . . ... (9.02)
vanishes owing to the integrations with respect to ¢,, ¢,, unless

et = . . (9.03)

The first part of (9.00) is an immediate result.
VOL. CCXXVIII.—A 2 ¢
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184 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

For the second part

j\b“Pw — 2 [F ) 657 @) P (1) $ (2) dey dis |
—2 [FA @) P (@) 17 (1) dey, d,
=2 (2 1F [ o (UF g (29 Dy PFT@) Pi¥'(2)d

—2 @k 417 g0 (1) g (1) 10 (2) g (D) D

P{ (1) Pyt (2)
(k-f-%"f*l)’(k'“w‘f‘l)
by the rules laid down in §5. KEach term in (9.04) is (K +w -+ 1)! (b —u +1)!
times a part independent of w, and the same factor occurs in C!. Hence the second
part of (9.00) is true, with AK' independent of w. So for 8, v, IV; in the last case
the second term of (9.04) has a -I- sign, giving AEY instead of AR
In the case when both electrons are in (n, 1) orbits, the total number of wave-functions
consistent with Pauli’s principle is 15. A wave-function of the form previously denoted
by ¢yv is now denoted by ¢,, since it may not be a first approximation to a perturbed
wave-function owing to degeneracy. There is a new form of wave-function which
involves two orbits differing only in their spin. Such a function is denoted by ..
We give a complete list of unperturbed wave-functions, grouped according to u.

TPt (1) P (2)dry dry (9.04)

bi =11 (1) 61(2) — #1(2) ¢1 (1)] xa (1) 2. (2) )
$o = di (1) 61(2) Dt (1) 7 (2) = 15 (1) %4 (2)]

Yo =" (1) 41(2) — &' (2) 41 (1)] e (1) 74 (2)
by =8 ) 61(2) — 41(2) 1 (1)] [na (1) Xb( ) 0 (1) x4 (2)]
gi = (A0 (1) ¢1(2) + ¢7(2) b1 ()] [a (1) %0 (2) — 20 (1) 24 (2)]

bo =[7(1) 61 (2) — 61 (2) é1 (1) 2 (1) %5 (2)
Yo =[41(1) 61" (2) — 41(2) & (1)1 6 (1) 2. (2)
by =L (1) 61 (2) — 67" (2) 1 ()] [t (1) 26 (2) + 25 (1) 20 (2)] F (9.10)
by =1[' (1) 1(2) + ¢ (2) 1 (1)] [te (1) % (2) — 2 (1) %4 (2)]
boo= 1 (1) ¢9(2) e (1) 20 (2) — %5 (1) %4 (2)]

bt =171 (1) 61(2) — 7' (2) 61 ()]s (1) 15 (2)

=181 (1) 677 (2) — $1(2) 677 (1)] e (1) %0 (2) - 20 (1) %4 (2)]
bt =[7(1) 67 (2) + 9(2) ¢ (1)1 [ta (1) %6 (2) — 70 (1) % (2)]
b= [ (1) 7 (2) — ¢7(2) ¢7" ()] % (1) %2 (2)
b= bt (1) &7 (2) [1a (1) 7 (2) — %0 (1) 74 (2)] J
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J.'A. GAUNT ON THE TRIPLETS OF HELIUM. 185

For any two of these wave-functions, say ¢, ¢’, except ¢ and ¢?

[ Pe=
either because the spin factors are different or because the «’s do not satisfy (9.03).
Hence as far as the perturbation by P is concerned, all the functions but the two
excepted may be taken as first approximations to the perturbed wave-functions. In
cases of degeneracy, of course, linear combinations may be formed by the spin pertur-

bation.
In the excepted case

[FoPat =4 [411) 41(2) P ¢ (1) 41(2) ds

— .81 [ Py (1) P4 2) D, AL s 1) 1 @) g (1) g (21,

31
L= T (911)
D, — 18 (4n) j Dy g (VF gt (2P 12 diry 732 drge . . . . . (9.12)
By similar calculations
ﬁfg Py =8D,+3¢D, . . . . ... ... (9.13)
f@mg — D, AD, . (9.14)
where ,
D, = 18 (4n) j Do g (L g @R 2 dry ri2dry . . . . . (9.15)
and ,
=80, =0C.....0..... (9.16)
where ’
| C = 18 (4n)? f G (LR g @R r2drrddr, . . . . .. (9.17)

The perturbation by P replaces ¢, ? to a first approximation by two linear com-
binations ¢, ¢%, whose extra energies AE'™, ARV, are the roots of the equation

”’%’?’f D, D, +"2% D, — CAE
or A :
D : D,\2
(D, — CAER + 11 —2—52-(D0—~CAE)+10<-2§> —0.. ... (9.18)
Thus b b
w_ Yo Y2
AT =T T 256 1
b ep. [t (9.19)
v Mo 4W2
ART = G 5C
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186 J. A. GAUNT ON THE TRIPLETS OF HELIUM.
If we put
biv = a,"" 4§ + @' U0
e e e (9.20)
by = a," 43 + eV
then the coefficients satisfy the equations :
R A
......... (9.21)
~ 3 D,07 —3D,0" =0
so that a.'V = 4a4,", 0. = — 2¢,", and we may take
| Yy = 48 + 442
e (9.22)

Oy = 3 — 29!
For any of the other wave-functions, ¢, the first approximation to AE is given by
AT ﬁup - ﬁ,m. ........... (9.23)

On calculating the various integrals it is found that for

B2t =1 -2 . v

‘1’57 “[’6) ‘7)8 3] q’e b AE + 050 - AE """ (9'24)
and for the functions anti-symmetrical in the posﬂnonal co-ordinates

AR — % _ 5%2. — AR — AE™ — AR (say). . . . . . (9.25)

Thus the term IV has weight 5, and may be classified as *D, ; the term V has weight 1,
and is a 1S, ; while the ortho-terms are grouped in the same manner as those of §§ 4-8,
and will give rise to a P’-triplet. It is assumed that this arrangement holds to all
orders of the perturbation by P.

In order to analyse the triplet, we consider the middle group of five wave-functions in
(9.10). The upper suffix 0 will now be omitted. Using (4.02) we have

¢, = bo — 243 -+ 4y - 2¢;5 )

b == — gy — Y5+ 2¢, — 2¢;

L[’y = —— gy — by 4~ 245 -+ 2¢, 4 45 I (9.30)
by = by — ‘I)z + 2¢5 + 24, + 44"5

Y, = by + 413 -+ ‘I’4 o '4’5

where

o= $5(1) $Lo (2) — 922 (2) vl (1) )

bp = 93 (1) $22(2) — 422 (2) 22 (1)

b= 0D @) — V@ WA . ... ... (931)
o = $25 (1) 477 (2) — 922 (2) ¥i' (1)

b= 4t () @) — 4@ W)
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J. A. GAUNT ON THE TRIPLETS OF HELIUM. 187
and by (9.22),
4’1v == ‘-pl. + 34’2 -+ 6‘!’3 -+ 6‘[’4 \L
e (9.32)
by = ¢ — 3d, -+ 6‘[‘5 J
Inverting (9.30) :
‘1’1:%(‘"%“{‘%) )
Yo = 75 (49, — 44 — &, — §; +- 84,)
by = g (—4b. — 24+ gy b -40) . . oL L (9.33)

"1’4 ::T1§ (24):1 + 4"!’3 + q’y + 4’6 _I_ 44’6)
bs == 1% (240 — 24, + 4, -+ 45 — 2¢) J

By a simple evaluation of integrals,

C, = 2C, Cs = 2C, C, = 8C, C; = 8C, C.=0C, ... (934
where

- C =18 (4m)? U ¢

0

so that, by use of (9.33)
01 = 4C> 02 = %C: 03 = %C, 04 = %‘Cs 05 = %C ------ (9-36)

Also (9.31) shows that if =;, 7, are the spin energies for a single (n, 1) orbit with
(DIRAC’S) j = — 2 and 1 respectively, - .

SEl - 8E2 = 27}1, 8E3 = 8E4 =M "‘{"‘ Nas 8E5 S 2'”2 ..... (9.37)

In the theory of §3 we now have five m’s. AE* has a triple root (AE' = AE" = AE'")
and two single roots (AE™ and AEY). For the triple root, the five equations (3.4)
must reduce to two, which are the only independent equations connecting the five a,,"s
so long as spin is neglected. We know, however, that ¢ is orthogonal to ¢,y and ¢y,

8o that
2 Ca," e, =0, 200, @, =0 . . . . . .. (9.40)

These equations are independent, and must be equivalent to (3.4). Thus
Pm’m’ - AEICW = 7‘0711/ am’IV + V‘Om'a'm’v

W
... (9.41)
Pmm’ = 7\Cma’mlv _l’ E"Omamv (Wl’ # W”,) /r ,

where 2, p are unknown multipliers.  is found by multiplying the equations (9.41)
by a,", a,", and adding for all m. ’

Z Pmm’ amIV — AE! Cow a’m’IV = Ay,
m -
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188 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

since IV, V, are orthogonal. The left-hand side of this equation is transformed by
means of (3.4) with p = IV, giving
ACy = (ARY — AEYH C, 0,V
Similarly ' P e ... (942)
wCy = (AEY — ARY) C,a," |

Substitute from (9.42) in (9.41), and thence in (3.3)

. A AEY — ARE - ' -
Ny N SR I 3 I __ v ¥ 8
(bE “‘ bPJm’) Cm’a’m' — X Smm'am — “"_‘Tj‘"_ % Cma’m Bam . Om’wm’
m v m
+ SRS 3 00, 30, Ot . (9.43)
v m

We now have five equations (9.43) and two equations (9.40) connecting the seven
unknowns :
: . ARY — AR

Vg
. Oy, S z C,a, da,,'.
v m

S 0 Vg ABT— AR

m7m m 2 O
v

Thus if A is the determinant of the coefficients of the left-hand side of (9.43), we have
the cubic in 5E":

0, 0, Cua," |=0 . ....... (944
0, 0, C,a,"
Omamlv7 Oma’mV7 A

When this equation has been solved, the coefficients a,,' can be determined from (9.40),
(9.43). ~

The calculation of S,, is parallel to §5. Instead of ¢y, we now have the two
functions ¢, §.. (5.12), (5.13) can be taken over with a suitable alteration of suffixes.

Tla,@:le'y:TZlﬁS:Tles:TlSe:O B
Tl By = [t.)z + Iitzy],ﬂyﬁ Tl Bs = [tz;z; _‘}—'Iitzy]’;@&s Tl Be = [t2x + q;to],ﬁs > (9 50)
Tl ye = [t.'r + V;taz/],ya’ Tl Sa = [t?,x +/b't2y]’5u> Tl o T [tQ'c + ‘itar/],w
T1 aa = T [tk'z],au> Tl 88 [tzz]'ﬁﬁ: Tl P 2 ‘:t‘zz],‘yS) T1 ye 2 [t.?z} ,ye ~
UnS = U.BS = Uys = an = Uge =~ U'ys = USS - Uee = USe =0 )
a%e® [(I — wm)? | 2q%e® [1 — 3n? |
U, = — 3 L8[ ] = T _..____.]
“f 4 7‘3 B Uaa. 4: 7'3 oo
' 2q2e? | (I + om) n'|’ 202 [1 — 3n¥]"  ».  (9.51)
’U‘ = e § Y'ate ( J — Y
By 4 | 73 By UBS 4 73 B8
202e? [ (I -+ m) n |/ 2o2e? [1 — 3n? |
U — gYao¢ [( ] o 4Y
ve 4 7 L. Uy s I
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J. A. GAUNT ON THE TRIPLETS OF HELIUM. 189

The calculation of the integrals in (9.50), (9.51) is somewhat laborious. The results are

2Tiaﬁ = 2T1'w - 2T16$ :valeé == 2T156 = 2lee = O A}
2T13.y - ].OT 2T] 8 — T 2T1}3€ _ QT L
| . (9.52)
2T1'Y"' - ].OT 2’1‘13‘1 - T 2’,[‘15“ - 2T (
2T1 an == 5T 2T1 88 - 5T 2T1.’,3 = — 161- J
where
T = y20%2 36 (4n)? j | g2 713 12 dry g (1203 dr, . . . . (9.53)
0 Jr 2 X
and

UaS = UBS = Uy = Ua.e == Uge =— U‘ye = USS = ‘Uae - UBE =0 1
(9.54)

UaB: 6U Uaa: - U
Uﬁ‘)’: 6U Uﬁ = - U (
U, = — 6U U, ——16U J

where
U = 202¢? 18 (4m)? (11 17'12 [By — L By] — g 71y H B, —1 B3]|11) = %‘T (9.55)

- Addition of (9.52), (9.54), gives S,,, etc., and then use of (9.33) gives S,,/. The
terms of A are tabulated in (9.60).

Coanl¥ = 4C +0 4C £ 0
Coa,Y — 4C —4C 0 0 20
A=|40 (iEg.F 2m)  or — 3T —3T 4T
v OO Zn) o _jer —nT T
27
2’ S - - q
— 3T - E_le'r 90(3’]?5 _7.7');- 7g) %,“:)T . — -.,)—1;T
54
) . 2O (SN oy
—3T Lot Loy 90(8]3_" Lv:;;_ n) T
54
L —
2T — Lo — LT — T 9 C(S?ML-?YI 2)
T
(9.60)

One root of equation (9.44) is at once obvious, since it makes the fifth and sixth
columns equal. The equation then reduces to a quadratic. It is simplest to take a hint
from the wave-functions of (8.42), which are independent of the relative magnitudes
of the 3E,’s, and T and U. If we first solve (9.44) and find the wave-functions
$r, $r, $up, with the simplification T = 0, it is then easily verified that when T % 0
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190 J. A. GAUNT ON THE TRIPLETS OF HELIUM.

the same a,', @,", @, will satisfy (9.40), (9.43), with suitable values for 3K+ These

are
SE == %y 4w, — 11T/4C

SE" = wy 4 0, - 1TMAC >, . . .. .. .. (9.61)
S = oy + 4, - 5T/

with the corresponding wave-functions :

v, = ¢1 + 34‘2 — 3‘1’3 "‘”‘ 3‘1‘4

by = by — Yy L e e (9.62)
b = ¢1 — 3¢y — 1245 _
Alternatively, using (9.33), we may write the wave-functions :
4’1 = "pa - q)ﬁ - Lp'y )
p o= —4%b,— 4, > .o (9.63)

‘pm = 24’4: “" 2‘1’_3 - q‘y

As before, the terms I, II, III, are 3P,, 3P,, 3P,, respectively. This classification
agrees with the weights. For instance, the first group in (9.10) consists of only one
ortho- and one para- term. These are '

¥ = o + b, V== 20 (9.70)

where
do = ¢, (1) $L, (2) — ¢y (2) $ly (1)
....... (9.71)
Y= 7 (1) $25(2) — 91 (2) b2 (1)
so that o
SEG = 27)1) SE-; = 3 “+‘ Ma o o o o o« o o o & (9.72)
be =545 + 52
‘ e (9.73)
bp =g —F e
We easily find
Co==2C, C,=4C .. ......... (9.74)
whence
Ce=14C, (C,=3C .......... (9.75)
For the ortho- term there are only two equations (3.3), with ¢g = @, = 1. Adding, and

using (3.4)

. (3 — 5Eg) Cp + OB — 8E;) O — S8 =0 . . . . . . (9.76)
It is found that
Spg=—0T—U=—-1LT . ........ (9.77)
Substituting in (9.76)
SE:gm-;—%ng——%_SEl ......... (9.78)
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Similarly for the last group in (9.10). The other two groups have two ortho- terms
each, with spin energies SE', SE".

- A rough calculation of (9.61) will serve to show why the triplets of doubly ionised
oxygen, for instance, are nearly “normal,” in contrast to those of helium. O*+* has
four electrons in the K and L, shells, and-—for its lowest terms—two electrons in the
mcomplete L, shell. We shall treat these (2, 1) orbits as if they were in a Coulomb
field Ztefr. Owing to fairly complete screening by the K-electrons, and very incomplete
screening by the I-electrons, Z! should lie between 3 and 6.

We have
G (1) =rexp(—2Zr20) . . . . . . . . . . (9.80)
so that ‘

j:ngz 72dr = ‘{:9”4 exp (— Z'rfa) dr = <%>54 b B8

The difference between the two spin energies for the orbit is*

. o palel . . a\s ,  y2AMe
Ny = 3 -%Y2a2Z162 \07 exp (— Zir/a) dr 7 4! = 390 (9.82)

v

while by (9.17), (9.53),

T/C = va2e? . % j: [%7’2 exp (— Z'ryfa)dry . r* exp (— Z‘-n/q) dﬁ/(%)m 412
_ 2B (7 ~ —21 d 12
= B j’o (@ 4+ 1) et da 4 |

7Y2 Z13 e

5.20 4l (9.83)

Thus the ratio of the separations indicated by (9.61) is

2 (g —y) —BTIC: (g — ) + ET/C= 240 — 21170 | L. . (9.84)

3 52
For example : _
7 == 4, Ratio = 1-63 L
(9.85)

=35, Ratio == 1-70 (

-

The observedf value of the ratio for O**+ is 193:116 = 1-66, corresponding to a
reasonable value of Zt. It should be mentioned, however, that the sequence of similar
ions O+, N*, C, presents a puzzling set of separation-ratios. Instead of approaching
the normal ratio 2:1 as the atomic number increases, the ratio is greater as the
atomic number becomes less. Thus for N* it isf 84 :50 = 1-68, and for C it is§
27-5:14-8 = 1-86. These values must be very sensitive to experimental error, and
the anomaly may not be real.

* Dirac, ¢ Roy. Soc. Proc.,” vol. 117, p. 624 (1928).

T A. Fowwrer, ‘ Roy. So¢ Proc.,” A, vol. 117, p. 321 ('19'27).

I Bowen, ¢ Phys. Rev.,” vol. 29, p. 231 (1927).

§ A. Fowrer and Senwyx, ‘Roy. Soc. Proc.,” A, vol. 118, p. 34 (1928).
VOL. CCXXVIIE.—A 2D
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It is probable that some of the lines in the spectra of gaseous nebule are due to
transitions between the states of 07" discussed in this section.* The two green lines
have the right frequency for 3P’, — 1D, and 3P’; — 1D,, while another line agrees with
Dy —18y. The first two are transitions between ortho- and para- states; the third
is a “ forbiddén ” transition because the £ of neither electron alters. Other nebular
lines are identified with similar transitions in N*.

A formula for the intensity of an ortho-para transition is given in (6.27), and a similar
formula could be constructed in the present case. It would give, however, the approxi-
mate probabilities of the transitions 3P’y —*D,, 3P’ —1D,, as fractions of the first
approximation to the probabilities of transitions within 3P”; but these are themselves
forbidden transitions. It would be necessary, therefore, to introduce at least the first
order perturbation by P. This may make 3P’, — 3P’,, etc., possible by adding to the
approximate wave-functions small wave-functions with different &’s ; but the intensity

/A n9
would be of the order of ( fﬁE) as compared with a normal line. We should expect
N / ‘ , - 2
the green lines to be weaker still, in a ratio of the order of (%) , asin (6.27). The
4y

strength of the nebular lines is therefore not explained by any new selection rule
inherent in the new theory, and must be due to special conditions of the gas which
emits them.

APPENDIX.
The Integral of a Product of Three Tesseral Harmonics.
g

1. In this appendix we denote by Pj(un) DarRwIN's form of the tesseral harmonic
without the factor ¢,

PHME%*uHﬂ—gWQ%TM@%ﬁQ G=lul) ... (1)
Since
Piv () = () PE() o e e e e e (2)

we may assume without loss of generality that « is positive.
We require

1
[ v PrPY du (=0, v=0, w=0, u="1v-uw).
1
2. The following recurrence formula is given by DARWIN

(1 — p2)? Py = Pt — (b —w) (k—w— )Pl L (3)

1
ok -1t

* Bowen, ‘ Nature,” vol. 120, . 473 (1927).
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We prove by induction that

(k —w)! (2h — 26— 1)1
F—u—2)1 (%k+2n— 2+ 1)

X (@ +2n—a+1)(") P @

(1= e Pi= 3 (~)
t=0

where the upper limit of ¢ is % or the integral part of } (k—wu) or k, whichever is least.*

A A

SOCIETY

OF

s A
A A

SOCIETY

OF

(4) reduces to (3) for n = 1. If it is true for », multiply by (1 — u?)"* and use (3).
S e : (k—u)! 2k —2t—1)! <n »
A=W P=3 (- gy Y — T VX )
X AP — (k—u—20) (b —u — 2t — 1) P05y
=73 (...__)‘ (k _ ’M) ! (2]6 — 2t — ].) 1l Putn+i n! v
t=0 (k—u—20) Qk+2n +2 — 26 F 1) 11~ =2 T (n—g-1) 1
X {(2k+2n+2——2t+1)(n—t+1) 4 (2k — 2t + 1) 8},
which reduces to (4) with » 4 1 for n.
3. Multiply (4) by P¢f2_,, and integrate
t nEPUPu-£n k—l—u—l—2n—-2t)7( —u)! (2](:——2t-1)"<
1 — w2y Ay = () i
L( WPPRIPE adu = (—)'2 2k +2n —2t F 1) 11 ’t)
O=t=<mn 2A=<k—wu t=k).
Put ,
k=m, k+n—2t=1, uforu-+mn, vforu, and
l+m+n=2k+n—2t)=2s .. ... ... (5)
S oz g ol F W (m—v)! n! (2 — 20 — 1)Ul ‘
PP (1 — w22 dy — 1o —_
j-ll m( V-) d(“‘ ( ) 2 (23_]__1)” (S"""l)!(é"‘““m)' (u Iv+n),
(6) is a condition restricting [ 4 m + n to an even integer. The inequalities reduce to
mtn=l=m—mn, l=u, l=zn—-—m. . ..... (6)
In short, the integers I, m, n must be equal to the sides of a triangle of even perimeter.
The expansion (4) shows that if these conditions are violated the above integral vanishes.
Since
Pr= 20l (e
" 2M !
we have
! puprpn g, — o (l+u)! (m—ov)! 2n! (2s —2n)! s! ‘
P PmP s—1I ( —_ ..
L’ k= (N e T s =T @ F 1 “=v T ™
*all=an—2)(n—4)...20r1 (n>0).0l=—111=1.
2Dp 2
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‘under the conditions (5) and (6). The above proof holds for negative v, so that
2l (m 4 v)! (n 4+ w)! (2s — 2)! s!

(s—ft (s —m)! (s —n)! (25 +1)!
l=v+w). ... (8

jl P{P:nP?nU d(J‘ == (_)w jl P:)nP;wPidy, = (_)s——m-w 2

4. Let u=v + w.
f;wm%m=pwa—wmﬂwﬁm+mz
d\l+u(@__1) d‘m—-v(p‘__lm/d n—w(v.____l)
‘-1<dp-) 2! < ''''' du.

& Tom \Gu) T Tar
By n — w partial integrations and the use of LEIBNITZ theorem this becomes

ﬁ%”d-@“m+@!@+wﬂ2@ w)

J‘l < d >l+u+t( 1)1 >m+n—u-—t (pz — l)m (P- — l)n
~1\dy, 2101 \dp 2%"m! 2"l
The range of ¢ is from the greater of 0 and n — m — u to the least of n — w, | —u,
m-+n—u.

The above expression is equal to

it ) o\ 1 ( nPu+tPn+u——tPn
(=t o+t e+ o)1 3 (250) [ o e

dup.

du.

It therefore vanishes unless I, m,.n satisfy the triangular conditions (5) and (6). If
these conditions are satisfied, we have by (8)

(m 4 o) (n+ w)! (n —w)! (2s — 2n)! s!
(s—Dt(s—m)! (s —n)! (25 4 1)!

Lo (+utolmtn—u—i!
Al gy sy rreerrE ) 1§ o B

r PP Prdy = (—)y ™2 (0 —u)!
-1

The range of ¢ is sufficiently indicated by the factorials.

The triangular conditions are extremely useful.

The series in (9) can be summed only in special cases, of which a few are given. It is
of the generalised hypergeometric type. Most of the formule used are taken from a
paper by Harpy.*

5. (i) I=w. The series consists of a single term, and (9) reduces to (8).

(i) l=m + n. The series in (9) reduces to ‘

5 (—) (m+n+w-+41¢! E— (m +4n 4 u)! 2n!
: (m—mn+ut)! (n—w—1t)! ¢! (n—w)! (n+w)! (m-+v)!’

therefore

ﬁszngzdu._

o (L u)! (L —w) 11 2m! 2n!
@+ 1)!m!n!
* Harpy, ‘Proc. Camb. Phil. Soc.,” vol. 21, p. 492 (1923).

(u=v+w, l=m-+n). . (10)
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(1) m ==m - . The series consists of a single term with ¢ =1 —

n-+w)! (n—w)!n! 2! 2m !
@n -+ m!

[ Pipspran = ()2 (w=v-Fw, L+ m=n). (1)
This is the same as (10) with — v for v, and [, u, interchanged with », w.
6. (1) m=mn, v=w. Letl=2k u= 2.
The series is
(2k 4 2v 4 ) (2m — 20 —¢) !
2k — 20 — 0! (204! (m —v—¢) ¢!
::(2k4—2m1(mn—-QMI . (— 2k 20, -wn»%v,2k-%2v4~1m
2k — 20)! (m — o)1 2017 2( C—2m 20, 2041 /
— (=Y &k—k2ﬂ’2m‘ P (M=o, 2k4-1, —2m -2k
(m — v)! (m ~0) 1 (2k — m - 0)!? 2( 2k —m-+v-+1, —2m )
— (=) (2k 4 20) ! (2m — 2k) ! (m + k)!
(E+o)t'k—ov)! (m+0)! (m—Ek)

(=)

therefore -
o 2 7, o2k 20)! 2k1 (26— 20)! (m-1-v)! (m —v)! (m - k)12 (2m — 2F)!
5 PalPul dp“ 2 (B+o) k2 (k— o)t (2m + 2k 4 1)) (m — k)12 - (12)
() wu=m -+n—2l, v=2m —n — I, -w:2n~—m-l. The series 1s
(m +n— 1) 20! F(mln-li 1, m-Fn—38l, n—m—1
(mhmwmuwwﬁwu+m—mﬁz — 21, 2m — 2141 }
:(__) (m+n—0V(n-+1—m)!s!

(I +m — n)' (20 —s)! (2m —s)! (2n — s) !’
therefore

j 1Pm+n ?ZP m n— ll)’n m«ldu

—(—)e2 (31—— —n)! (83m—n—I1)! (8n—I1— nz)'(9n+n~l)’(n~l—l m)! (l+m—n)!sl2
@2l—s)! @m—s)! (2n—s) (s— D! (s—m)! (s—n)! (2s +-1)! )

(13)
(1) 4 = v = w == 0. The series is

(m —+-n) ! F< L+1, —1, —=n ‘)

m—n)! !> *\m—n41, —m—n

_U+n)! (m+n—1)! 0 (~n——l~}—<m, — 1, m-1

(m —mn)! nlz A m— 1, —m—1 >
— (=) mm-t+n—10n4+1—m)! s!
(=D (s—m)! (s —mn)! nl’

therefore

' PYPOPY oUmlnl sl2mfn—)! mAtl—ml (4 m—mn)
Joa Tt @2s+1)! (s—1)12 (s —m)!2 (s —m)!2 ’

(14)
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This agrees with the formula found by Apams* for the integral of the product of three
Legendre polynomials, when due regard is paid to the extra factor [ ! in P}.
7. The a,bove results are mainly curiosities. The integrals required in §5 all have

Sueh 1ntegralb are easﬂy found from the recurrence formula (3), or the similar formula

1

ubp= ;]é‘ffi‘{l)y: k)b —wPig. ... (15)
Thus from (3)
U oo e g Lt e g o (kw4 2) (k) !
J_ BERPE(L — )’ dp = MJ Piilbinde =2 =—gr—yer g - (19
' utLpw — 2 _—(k* ) ]‘,,._.ra"..l) wEIputl g, o (]0 an ?,é) ! (]C — M)
J o pepea = wyde = =St |, PP e = 2 ey
(17)
And similarly from (15)
[t . I S skt u+ ) (k—u-+1)!
J P7+1P;¥’v d&* TSR T1 j—1 Pl.'+1Pk+l d\“ =2 (27:: T 1) (276 T 3) . (18)

Some other integrals require a further application of (3) or (15).

* Apams, ‘ Roy. Soc. Proe.,” vol. 27, p. 63 (1878).
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